We simulate the response of dense granular material to shear. Our simulations use a micromechanical model which includes realistic material models for each deformable grain, and a Coulomb friction model for interactions between grains. We measure the probability density function governing the volume distribution of stress for mono-and poly-disperse samples, circular and polygonal grains, and various values of microscopic friction coe cients, yield stresses, and packing fractions. Remarkably, PDF's are similar in form for all cases simulated, and similar to those observed in experiments with granular materials under both compression and shear. Namely, the simulations yield an exponential probability of large stresses above the mean.
Introduction
The physics of granular material is complex. At times, it can display behavior reminiscent of solids, uids or gases, but at others it can behave di erently from any of these forms of matter 1, 2 . Further, the absence of a continuous displacement eld in a granular material is an obstacle to characterizing the response of granular materials by relating stress and strain as is usually done in continuum mechanics 3 . Through micromechanical simulations, like those presented here, one seeks to discover the underlying physical laws governing the behavior of granular materials, and to use these to develop macroscopic models that will reproduce some of the observed complexity.
Simple models of the interactions among individual grains have provided remarkable agreement with experiments. For example, the q-model 4 predicts the distribution of boundary forces associated with force chains 5, 6 , and contact dynamics simulations explore the relationship between Coulomb friction between grains and the bulk behavior 7, 8 . These models idealize the material properties of individual grains and of their interactions, and thus leave unanswered many questions about the bulk properties of real granular material. Major questions remain unresolved, such as the choice of appropriate variables for a bulk description, whether hydrodynamic equations are applicable, and how to include history dependence 9 .
With careful attention to e cient algorithms, micromechanical simulations can beused e ectively to study the physics of granular materials. For individual grains, realistic constitutive models are available. With the addition of a contact model for the interactions between grains, one can simulate many grains in a single computational experiment 10, 11 . A striking result of experiments and simulations of granular materials is the high level of uctuations that occur when samples undergo shear or compression. Under compression, a small fraction of the grains participate in force chains and have large contact forces. Force chains seem to be associated with an exponential probability distribution of forces and stresses above the mean 12, 13, 14 . A simple theoretical model for the probability distribution of the magnitude of normal contact forces 4 assumes that inhomogeneous particle arrangements cause an unequal distribution of force transmission between neighboring particles, which leads to chains of particles transmitting above average forces.
The simulation of granular materials under shear is well suited to the study the statistics of the observed uctuations. Under compression, the network of force chains is stationary in time over a range of deformation. If the range of deformation is increased, damage to the sample will result. To identify the probability density function from simulation experiments of compressive loading, it is necessary either to perform a single simulation with a very large numberof grains, or to perform a very large numberof simulations with a moderate number of grains. Under shear 15, 16 , force chains persist brie y before being replaced. Slow shear generates an ensemble of statistically independent states near static equilibrium with similar history 17 . Intermittently, the grains bind and deform, i.e. translation and sliding are insu cient to accommodate the deformation. Further shear relieves binding and the force chains disappear to be replaced by new force chains. Thus, simulations with a relatively small number of grains subjected to large strains pass through a large number of statistically independent states, from which one can recover the underlying probability density function.
Although there are several recent modeling studies of granular shear using the distinct element method 18, 19, 20 , the statistics of the uctuations are not reported. Morgan 20 considers the e ect of particle size distribution and friction on the strength of granular shear zones. Schwarz et al. 18 examine strain rate dependence and strain distribution under shear. The cases considered by Schwarz et al. are for lower strain rates than are considered here, but with similar ll densities. Morgan and Boettcher 19 , using a contact law derived from Hertz-Mindlin contact theory, observe stress bridging that migrates through the shear zone with increasing strain. Schwarz et al. 18 , using a repulsive core potential between elements, do not observe stress bridging.
Here, the volume and boundary distribution of stress are examined for dense granular material under continuous shear. Results of simulations with deformable, elastic-plastic grains and Coulomb friction are presented for monodisperse and polydisperse granular samples, circular and polygonal cross-section grains, and various values of the inter granular friction, packing fraction, and yield stress. Observations on the e ects of these parameters on resistance to shear, load carrying mechanisms, and deformation modes are made.
Approach
In experiments that shear disks at constant v olume, a transition occurs at a critical packing fraction 0:78 16 . The packing fraction is de ned as the ratio of the volume of the grains to that of their container. Below the transition, force chains appear occasionally. Contact is brief and well modeled as collisions using, for example, the discrete element method. Above the transition, grains are in persistent contact, and a dense, evolving network of force chains is continually present. At the transition and above, the regime primarily of interest here and referred to as dense" granular material, persistent contact and large, localized stress require accurate modeling of contact tractions and granular deformation.
We simulate granular materials with the material-point method MPM 21, 22, 23 . The simulations are two dimensional. Grains deform according to a continuum mechanical model in which conservation of mass and momentum are enforced. If x; t is the mass density a t point x at time t, and vx; t is the velocity eld, then conservation of mass is where is the Cauchy stress tensor. Di erent materials are modeled through a constitutive equation that relates stress to strain or strain rate. Versions of hyperelasticity, h ypoelasticity, plasticity and viscoelasticity h a ve been implemented.
In the discrete formulation, each grain consists of a nite collection of material points that are tracked throughout the simulation. Each material point is given an initial mass consistent with the material density and volume of the point. Material parameters such as Young's modulus, Poisson's ratio, and yield strength are also assigned to each material point according to the material it represents. As the numerical solution proceeds, the material points are updated and carry the solution variables such as velocity, stress and strain. By contrast, in the distinct element method contact forces between grains are the principal variables, and the volume distribution of stress is unknown 24, 25 . Finite deformation constitutive models with internal variables are easily implemented in MPM, and accurately applied, because of error-free advection of constitutive parameters.
To determine the motion of the material points in an e cient manner, information from the material points is projected onto a background computational grid. The continuum equations are discretized on this grid using standard nite di erences or nite elements. The solution on the grid is then used to update the position and velocity of the material points. Also, strain increments computed on the grid are interpolated to the material point position so that a constitutive equation can beevaluated for each material point t o update its stress state. Details may be found in the references. The material-point method has been validated on such problems as elastic wave propagation 21 , the Taylor impact problem 22, 23 , and the upsetting problem 23 . Simulations with MPM have been compared to the same simulations with other nite element and nite di erence methods, and compared to analytical solutions and experiments.
Interactions between grains are modeled by a kinematic contact algorithm, which forbids inter-penetration but allows separation, sliding with friction, and rolling 11 . Calculation of a Coulomb friction law in a common rest frame eliminates a separate contact detection step, achieves a solution with one sweep through the computational mesh, and yields a linear scaling of the computational cost with the numberof grains 11 . By comparison, pairwise interaction algorithms scale quadratically. It is also worth noting that the complexity of the contact algorithm does not increase if the grain shape is varied, so one can easily model complex initial geometry and grain deformation. Momentum and energy transport during collisions have been investigated with good results 26 , and other tests show reasonable accuracy for contact forces 11 using MPM.
In this paper, grains are modeled using von Mises plasticity with linear hardening. A plastic material model dictates a linear elastic material response until a yield criterion is MPa, the hardening modulus is 10 MPa and the density is 1900 kg m 3 . A nominal friction coe cient of 0.3 is used in the simulations and the e ect of varying it is examined. The actual friction coe cient associated with HMX is hard to measure, and may be higher 27 .
Ultimately of interest is the accurate numerical simulation of the response of plastic bonded explosives PBXs, which are very dense, 0:90, particulate composites, with grains that are embedded in a polymeric binder. For these materials shear is accommodated in part by granular fracture 28 . For large shear, debonding of the interstitial material from the grains also plays a role. In the interest of starting with a more tractable problem and comparing with experimental data on the microscale essentially only available post mortem for PBXs, we consider dry granular material with lower packing fractions, = 0:65 and 0:78, where fracture is unlikely. The e ects of grain size distribution, material properties and friction coe cient are studied.
We consider both monodisperse and polydisperse samples of granular material. For the monodisperse samples, we begin with a regular hexagonal packing of 370, same radius cylinders, Fig To induce shear, grains are attached to the left and right boundaries, and the right boundary is moved upward to give an average shear strain rate of 8 10 4 s. Periodicity is imposed in the vertical direction. The monodisperse and polydisperse samples are subjected to average shears strains in excess of 300.
Results

Shearing of Monodisperse Granular Material
First we examine the response of the dense, = 0:78, monodisperse sample. When grains are in persistent contact, shear is accommodated by sliding and rolling. This causes local dilation and decreases the packing order, rst near the left and right boundaries Fig. 2 . By approximately 150 shear, some disorder and dilation is visible in the center. However, signi cant order is visible at all times as clumps of particles re order into regular hexagonal packings locally, or recrystallize" 17 .
The di erence in principal stress is detected optically for photoelastic materials 5, 6, 12, 14, 16 . To compare with experiments, we display the spatial variation of the di erence in principal stresses in Figure 2 . In Cartesian coordinates, the stress tensor at any spatial point has the form: where the 3 direction is perpendicular to the shearing plane. Although no out of plane shear can develop during plane strain deformation of an isotropic material, the out of plane stress 33 is generally non-zero. For this presentation it is convenient t o w ork with the diagonalized stress tensor, which can be written: Contour plots of di erence in principal stress reveal force chains involving many grains. The chain networks evolve from a regular pattern in the initial hexagonal array, Fig 2  a . As rows buckle, disorder propagates inward. Even though the middle is still regularly packed, Fig. 2 b and c, the force chain density is substantially reduced. The remaining order causes force chain banding, i.e. several adjacent force chains develop as primary load paths simultaneously and the volume averaged stress increases. Even after the order of the packing is lost overall, the force chains look similar, Fig. 2 d and e. For the largest shear, Fig. 2 e, some order is re-established and force chain banding recurs. In a recent simulation of the shear of a dense monodisperse granular material with the discrete element method, in which grains are modeled as points interacting through potentials, persistent contact is not observed, force chains are dispersive, and banding is not apparent 18 . For the lower density sample, = 0:65, deformation is accommodated di erently. Following the initial compaction, which is similar to Fig. 2 a, a dilated zone develops near the right shearing boundary as seen in Fig 3. Grains in the dilated region, or shear band, transfer the shearing stimulus through collisions; persistent contact is not maintained. Force chains only form occasionally, i n volve only a few grains and generate lower stresses than the dense case, as is quanti ed in the discussion of Fig. 4 . Force chains are quickly dissipated in the bulk material beyond the shear band, as seen in Fig. 3 . Consequently, a weak stimulus reaches the bulk of the grains and substantial shearing 125 is required to overcome the inertial resistance of the initially stationary grains.
In Fig. 4 are plotted histograms for both densities of monodisperse material giving the fraction of the total area within which the computed principal stress di erence lies within a small interval. The data are comprised of snapshots which give the principal stress di erence at every grid point at a sequence of times. The sequence begins after the initial order is disrupted and the shearing deformation is well developed throughout the material. This corresponds to a shear strain above 58 for = 0:78, and a shear strain greater than 125 for = 0 :65. Snapshots are separated by about 2 strain; 8 strain is su cient for the pattern of force chains to change completely. The data set consists of 133 snapshots for = 0 :78 and 101 snapshots for = 0 :65. There are, of course, for any given snapshot, strong spatial correlations. For example, distributions in the right and left half of the sample have the same mean value and variance as in the whole.
For both packing fractions the distribution is exponential above the mean over 4 decades although with substantially di erent exponent multipliers. We note that an exponential distribution of the particle contact forces is inferred from the photoelastic response in a recent experiment on continuously sheared granular material 16 . These distributions, found numerically and experimentally for sheared samples, are reminiscent of exponential distributions established for granular material under compression 4, 14 . An exponential probability distribution of the principal stress di erence within granular material is surprisingly insensitive to the type of loading and the packing fraction. It appears to bea characteristic of the heterogeneous nature of the load carrying mechanism in granular material. While both histograms in Fig. 4 show an exponential character over many decades, that for the dense packing fraction appears to have some downward curvature. While the statistics are not quite good enough to make an accurate determination, a more convincing downturn is seen in the histogram of equivalent stress for = 0 :78, Fig. 5 . Plastic yielding rst occurs when the equivalent stress p 3J 2 equals 300 MPa, the initial yield strength. Stress states signi cantly greater than the initial yield strength are di cult to obtain due to the greatly reduced material sti ness during plastic deformation. The downturn indicates that plastic yielding is rare. Stress is calculated on material points, but average values for computational cells each containing several material points are used in the statistics, resulting in a gentle knee in the data rather than a sharp transition on account of this smoothing. The e ect of lowering the initial plastic yield strength to promote plastic deformation is explored later.
The principal stress di erence is roughly bounded by the equivalent stress. From the above equation it is easily seen that the di erence in principal stress is bounded, 2 p 3J 2 = p 3 where p 3J 2 is the equivalent stress. Consequently, the di erence in principal stress distribution will re ect that of the equivalent stress. From Fig. 5 , the di erence in principal stress 2 300= p 3 = 346 MPa, in general agreement with Fig. 4 . The data used in Fig. 4 are from material-point stress tensor eigenvalues interpolated directly to computational cells, whereas the data used in Fig. 5 are calculated from the computational cell stress tensors material-point stress tensors interpolated to computational cells. The former is a sharper representation of particle principal stress di erences, and values greater Experimentally, the average tangential traction required to shear same sized spherical glass beads under constant con ning pressure and with constant velocity is easily measured and is found to beapproximately constant. By comparison, pressure transducer measurements of normal stresses over areas commensurable with grain diameters show that the stresses uctuate dramatically when force chains contact the transducer. The distribution in time appears to have a more or less exponential tail depending on the numberof beads over which the boundary traction is measured. It is postulated that there is a correlation length and once the measurement area is su ciently large the correlations are washed out and the tail in the distribution boundary traction is exponential 15 .
In 16, 17 , a similar, two dimensional, experimental study is undertaken. A weakly polydisperse mixture 2500 small disks and 400 22 larger diameter disks is sheared under constant volume at constant velocity. The disks are photoelastic and allow a n estimate of particle contact forces to be made during the deformation. A steady transition in the distribution of particle forces is found. Below the critical packing fraction 0:78 the distribution is found to be a power law, near the transition exponential, and above it Gaussian. Boundary traction measurements are not made, but are expected to be similar.
One can compare boundary tractions in the constant volume shear simulations with the above measurements. Both normal con ning and tangential shearing tractions are generated during shear. A histogram of the simulated shear tractions for both packing fractions is shown in Fig. 6 . Note that negative v alues of the shearing traction can be recorded when grains a xed to the boundary propagate release waves following collisions or when the force chains buckle. Here the statistics are not nearly as gooddata comprised of approx. 60,000 points as for spatially varying quantities data comprised of approximately 3,000,000 points and it is di cult to determine if the histograms have exponential or Gaussian tails, but substantial di erences are found between the two packing fractions. Initial transients are discarded as for the stress histograms. The broad distribution in Fig. 6 for = 0:78 is identi ed, upon further analysis, as the superposition of two narrower distributions. The one with higher mean value corresponds to occurrence of stress chain banding, and with lower mean value to its absence.
The con ning traction histograms are similar, with mean values -20.43 MPa for = 0 :78 and -3.84 MPa for = 0:65. We use the sign convention that stress is positive in tension; therefore, negative normal traction represents a con ning boundary pressure. The ratio of the average shear traction to the average con ning pressure measures the resistance of the material to shear, or the bulk friction", . Recall that for both packing fractions the inter granular coe cient of friction is 0.3. For = 0:78, = 0:33. However, for = 0:65, = 0 :08, indicating resistance to shear is reduced by the development of localized dilation and shear banding. Not surprisingly, a signi cant contribution to the bulk friction is the frustration of grain motion and subsequent grain deformation in dense packings. The e ect of the inter granular coe cient of friction is investigated more extensively for polydisperse grain distributions in the next section.
The E ect of Polydispersity
Attention is now focused on the shearing of the polydisperse grain distribution depicted in Fig. 1 , which is more like real PBXs. The polydisperse sample has a packing fraction = 0 :78. Of interest in this section is comparing monodisperse and polydisperse grain size distributions for the same packing fraction, material properties, and inter granular friction coe cient. Despite the substantial di erence in initial geometries, the volume distribution of stress in the equivalent" polydisperse case is very similar to its monodisperse counterpart. Stress bridging develops similarly, with evolving stress chain networks. However, the initial conguration provides no exceptional resistance to deformation, short range packing order is never established, and force chain banding does not occur. Only after the initial transients average shear strain greater than 17 are data used for statistics, resulting in a data set of nearly 3,500,000 data points from 153 snapshots. The distribution of the di erence in principal stresses, Fig. 7 , is exponential above the mean and statistically identical to that for the monodisperse case for the same packing fraction. Distributions of equivalent stress are also statistically identical. These similarities suggest that the stress distributions are insensitive to the grain size distribution, and are a general characteristic of the heterogeneous nature of the load carrying mechanism in granular materials.
The e ect of polydispersity on the shearing traction can be seen in Fig. 8 . In the absence of force chain banding the distribution has a single maximum. The tails of the distributions are similar in slope for both cases, but no further insight is provided regarding whether they are indicative of an exponential or Gaussian distribution. The computed bulk friction is 0.33 for the monodisperse and 0.48 for the polydisperse sample. The monodisperse sample is easier to shear, in this sense, even though there are larger uctuations in the boundary tractions due to stress chain banding.
Slip systems develop in the monodisperse case that are not present in the polydisperse one. Incremental displacements between snapshots are depicted in Fig. 9 for 138 and 250 shear strain. Black corresponds to no motion between snapshots and white to the maximum. Groups of grains often slide past each other as typi ed by the left frames of Fig 9, where the sharp gradients in shading indicate slip lines. The additional frustration caused by the distribution of grain sizes in the polydisperse case prevents slip lines from developing. Instead a more uniform deformation develops, as typi ed by the right frames, and the bulk friction is higher. Another measure of the system's resistance to shear is the average power required, which is proportional to the average shear traction. The polydisperse case requires 22 more power to shear.
The E ect of Friction
Attention is now focused on the polydisperse grain distribution. Of interest in this section are comparisons of simulations with di erent i n ter granular friction coe cients and the same grain size distribution, packing fraction, and material properties.
The e ect of varying the inter granular coe cient of friction is investigated in simulations for coe cients of friction ranging from 0.0 to 0.5. After discarding initial transients, deformation to 83 shear strain results in 33 snapshots and approximately 700,000 data points. Histograms of equivalent stress for the three coe cients of friction are depicted in Fig. 10 . Increasing the coe cient of friction results in larger stresses and additional plastic yielding. A histogram of the di erence in principal stress is similar.
Increasing the inter granular coe cient of friction serves to shift boundary traction distributions toward larger tractions with less variation, as illustrated in Fig. 11 . Bulk frictions of 0.28, 0.37 and 0.62 are found for coe cients of friction equal to 0.0, 0.3, and 0.5 respectively. The average power required is 54 and 230 greater, for coe cients of friction 0.3 and 0.5 respectively, than the zero coe cient of friction case. The e ect is probably nonlinear and appears to be equally as important a s packing fraction. 
The E ect of Plasticity
Of interest in this section are comparisons of simulations with di erent material properties, and the same grain size distribution, packing fraction, and inter granular friction coe cient. Here a single material parameter, the plastic yield strength, is varied to promote plastic deformation. Simulations are performed on the polydisperse sample at = 0 :78. Fig. 12 shows the e ect on the equivalent stress of reducing the yield strength by one half to 150 MPa. The simulation is continued to 83 shear strain. The reduction in yield strength does not lead to an obvious increase in plastic deformation. The result seems counter intuitive when considering a homogeneous material where reducing the yield strength should serve to cause more material to yield and make yielded states much more probable. This is not the case for granular materials. The essential feature is that the granular material carries shear by a constantly evolving network of force chains. It is only within the force chains that stresses are high enough to cause yielding. Once a grain is no longer part of a force chain it unloads elastically. Plastically yielding states are localized to grain contacts in force chains and are uncommon.
The variance of the stress distributions is reduced with reduced yield strength as seen for the equivalent stress in Fig. 12 . Consequently the spatial distribution of stress is more homogeneous for the lower yield strength case. This can also be seen in Fig. 13 , where force chains are compared at 83 shear strain. The plots are of the di erence in principal stress, created as described for Figs. 2 & 3 . When the yield strength is lower, grains in force chains necessarily carry less force before they begin to yield. Note the di erence in color bar scales for the two di erent yield strengths in Fig. 12 . For the same applied load, more extensive plastic deformation in the lower yield case results in a denser network of force chains more lighter areas in the gure as more grains are brought into contact. The loading is carried more homogeneously in the sense that more grains are involved in the force chain network and the force chains carry lower stresses. Interestingly, ignoring the colorbar scales, the ratio of force chain stress to the background" stress is largely una ected, indicating a similarity in relative force chain strength.
Decreasing the initial yield strength serves to shift the normal boundary traction distribution toward smaller magnitude tractions with less variation, as illustrated in Fig. 14 The normal boundary traction is calculated as negative in compression consistent with the de nition of the stress tensor. The shearing traction distribution has less variation, but the mean is largely una ected. A bulk friction of 0.58 is found for an initial yield strength of 150 MPa F or a yield strength of 300 MPa, the bulk friction is .37. The average power required is 7 greater for the lower yielding material.
For elastic materials, where the growth of J 2 is unconstrained, the stress state has been found experimentally to give rise to an exponential spatial distribution of using photoelasticity 14 . The authors are unaware of any photoelastic-plastic" materials, but if there were, optical techniques could be used to detect plastic yielding in granular materials.
During large shear, permanent deformation should occur rst at grain edges where large contact stresses are experienced. However, little apparent deformation of the grains is observed. Grains deform plastically when participating in strong force chains, but otherwise elastically. Evidently, the transient nature of the force chains results in compression of the grains from di erent directions and no obvious permanent bulk deformation.
The E ect of Grain Shape
Of interest in this section is a comparison of simulations with cylindrical and hexagonal grain shapes, and the same grain size distribution, packing fraction, material properties, and inter granular friction coe cient. The initial geometry, with hexagonal cross sections replacing the circular ones, is shown in Fig. 15 .
The e ect of varying the cross sectional grain shape is investigated by performing a simulation to 83 shear strain. Histograms of equivalent stress for both grain shapes are depicted in Fig. 16 . The histograms are similar, although for hexagonal grain shapes the stresses are systematically larger. A histogram of the di erence in principal stress is similar. As might be expected, granular contact between grains with corners results in the generation of larger stresses.
The nominal value of 0.3 for the inter-granular Coulomb friction coe cient results in a bulk friction for the hexagonal cross sections of 0.52, compared with 0.48 for circular cross sections. The average power required is 50 greater for hexagonal cross sections. Both measures of resistance to shear indicate grains with corners are more di cult to shear.
Conclusions
Through micromechanical simulations with deformable grains we have sought to extend our understanding of granular materials to include some of the properties of real materials, including polydispersity, friction, varying grain shape, and plastic deformation. Most of the simulations are for packing fractions close to what has been described as the critical packing fraction, = 0 :78, but one simulation at lower packing fraction, = 0 :65, illustrates some of the changes that can occur when the density is decreased. The most striking feature of all of the simulations, as in experiments and simulations of granular materials reported by others, is the high degree of spatial correlation at each instant and the simultaneous high level of uctuations in the stress over time. Arguments based on the decorrelation of stress chains in time allow us to assemble the the data from the computed response of granular materials to applied shearing strain into a probability density function for the volume distribution of the di erence in the principal stress. Exponential distributions of principal stress di erence, above the mean, are found in all cases. The form of the stress distribution persists under a variety of material parameters, grain geometries and packing fractions, indicating that these distributions are characteristic of the heterogeneous nature of granular media where loads are carried by a small fraction of the material in force chains. If further studies should con rm the results of these simulations, we speculate that descriptions of the bulk properties of granular materials might bebased on knowledge of the probability distribution function for the stress.
Because there are few materials for which the stress distribution in the volume can bemeasured directly, we have explored the possibility that measurements of the statistics of surface traction can be related to the volume stress distribution. The results of the simulations are ambiguous, as are those from experiments, on whether the surface traction distribution is Gaussian or exponential in form. In the case of the simulations, one obvious di culty is that the data sets from which the distributions must be inferred are much smaller for the boundary than those for the volume.
Although distributions of stress are similar in character in all cases, the ease with which granular material can be sheared depends strongly on all of the parameters. The bulk friction coe cient, as measured by the ratio of tangential to normal components of traction on the boundary, is always higher than the inter-granular Coulomb friction coe cient when the packing fraction is near critical, = 0:78, but is smaller when = 0:65. We nd that monodisperse samples are easier to shear than polydisperse samples. Slip systems develop in the monodisperse case that appear to be frustrated by the grain size distribution for polydisperse samples. As might be anticipated, increasing the inter-granular Coulomb friction coe cient results in larger stresses and additional plastic yielding; although, the relationship appears to be nonlinear. Changing the grain shape from disks to hexagons also shifts stress distributions to higher values, even though the inter-granular friction coe cient is the same.
A new phenomenon, force chain banding, is observed in the monodisperse sample at the critical packing fraction and has been shown to correspond to recrystallization of the material. Con gurations with regions of grains in a regular hexagonal packing have larger tangential boundary tractions on average, resulting in a higher bulk friction coe cient for these states. For the polydisperse sample, crystalline packing is not possible and no force chain banding is observed.
Also not previously observed is the e ect of plastic yielding. Surprisingly, yielded states are relatively rare even when the yield strength of the grains is reduced in dense packings. Plastically yielded states are localized to grain contacts within force chains and grains unload elastically when not part of a chain. Under shear, force chains are constantly evolving and are short lived; however, there tend to be more chains at any given instant in the lower yield material. The higher chain density re ects a more uniform stress distribution, i.e. the width of the distribution is decreased.
Our direct numerical simulations incorporate the best available information regarding constitutive behavior of each grain, which allows us to simulate speci c materials and to make direct connections to experiments, and even to extend our investigations beyond current experimental capabilities. Most experimental work for which the deformation is characterized on the scale of the grains is on cylindrical or spherical particles of uniform size. Far less experimental data exist for other shapes and size distributions. In part this is due to the desirability of using photoelasticity to obtain experimental information, and the di culty i n obtaining prepared photoelastic grains in other shapes. The use of photoelastic materials also limits the range of material properties and interfacial friction that can beinvestigated. Direct numerical simulations as reported here su er no such limitations.
